CHAPTER XL. 


SUPPLEMENTARY NOTES. 
Note A. DEFINITION OF INTEGRATION. RIEMANN. 


. b 
1875. The definition of the integral | (x) dx, given in 
a 


Art. 11, for the case where ¢(2) is single-valued, finite and 
continuous for the range a->b, is an analytical expression of 
Newton’s Second Lemma. It is pointed out in Art. 13 that 
the several subintervals h,, h,,h,,... of the range a-b need 
not be taken as equal so long as it is understood that the greatest 
of them is ultimately taken as indefinitely small; and Cauchy 
adopted this modification as the basis of his investigations 
(see Art. 1266). But in dividing the range a-b into an 
infinite number of subdivisions, 
6;=%,—@, 6,=%,—y,...d,=b—Gy_1, 

the definition has still kept to the idea that each of these 
intervals is to be multiplied by the value of (x) at the 
beginning or at the end of the interval, that the sum of such 
products is to be formed, and then, if such sum has an 
existent limit and converges to a definite quantity, that limit 


b 
is defined as | (x) dx. And it has been seen in Chapter V. 


how Cauchy proposed to exclude from the definition any 
element or elements in which ¢(x) becomes infinite or 
discontinuous. 

For the class of functions met with in elementary analysis 
and with which this treatise has been mainly concerned, this 
treatment will suffice, and has been adopted as offering an 
adequate scope for the beginner, with fewest difficulties in 


the initial conception of the processes to be followed. 
940 
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But it is evident that the multipliers of the several sub- 
divisions need not have been taken as the values of (a) at 
either end of the interval, but might equally well have been 
taken as any of its values intermediate between the greatest 
and least values which (x) is capable of assuming in each 
interval. 


1876. Starting with this idea, Riemann in a memoir (Ueber 
die Darstellbarkeit einer Function durch eine Trigonome- 
trische Reihe) has given a definition of integration which does 
not require that the function considered shall be continuous 
in the interval a—b. Let a and b be two finite quantities 
between which a real variable v, ranges. Let (x) be a func- 
tion of æ which remains finite, but not necessarily continuous 
in the interval. Take d a definite given smal! positive 
quantity, which is called the Norm, of any mode of division 
of the interval a-b into sub-elements or segments 46,, 69, ..- dn, 
Viz. 65 = — A, dg=2_— Tı, ... On =b— Tr, each of these elements 
being not greater than the norm d of that mode of division. 
Then evidently there is an infinite number of modes of division 
corresponding to any particular norm d, and each of these is 
also a possible mode of division for any greater norm. Let 
€1, € -€n be positive proper fractions, and let S stand for 


$ 5, f(£,ı+e,6,) Then, if S converges to a definite limit 
1 g 


whatever mode of division be chosen and whatever the frac- 
tions ej, €2, -.. €n may be when the norm d is made to diminish 


b 
indefinitely, this limit is represented by | F(z) dz, and the 
a 


function is said to admit of integration for the range a—>b. 
(See Prof. H. J. S. Smith, Proc. Lond. Math. Koc., vi., p. 140.) 


1877. A formal proof of the convergence of the series S 
under certain conditions is given by Riemann, and amended by 
Prof. Smith in one or two particulars in which Riemann’s 
demonstration is wanting in formal accuracy. The values of 
p(x), corresponding to the values of x for any segment, are 
called the “ ordinates” of the segment. The difference between 
the greatest and least ordinates of a segment is termed the 
“ordinate difference” or the “oscillation” of (x) for that 
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segment. Let D,, D,,... D, be the oscillations in the several 
segments. Then the greatest and least values of S for any 
particular mode of division are respectively attained by taking 
the greatest and least ordinates of the several segments, and 


the difference of these sums, viz. 0, is given by ey yt a 
1 


But for any definite norm d the greatest and least values of S 
do not in general result from the same mode of subdivision. 
Therefore the difference © between the greatest and least 
values of S for all modes of division corresponding to a given 
norm d will in general be greater than 0, which is the 
difference for a particular mode of division. And to be sure 
of the convergency of S it will be necessary to show that © 
in any case diminishes without limit when d diminishes 
without limit. 


1878, Professor Smith enunciates Riemann’s Theorem as 
follows: 

Let o be any given quantity, however small. Then, if in every 
division of norm d the sum of the segments for which the oscilla- 
tions surpass o diminishes without limit when d diminishes without 
linut, the function admits of integration, and conversely. 

Let G(d) and L(d) be the greatest and least values of S 
corresponding to a given norm d, not necessarily arising from 
the same system of subdivisions for that norm. 

Then taking any two norms d, and d, (d,> dą), since every 
mode of division for norm d, is one for norm d,, we have 
G(d,) x G(d,) and L(d,) + L(d,). Moreover, for every norm d, 
another norm d, can always be found which is less than d,, 
such that G(d,)> G(d,) and L(d,)< L(d,), unless the max. 
and min. ordinates of the several segments are the same 
throughout the interval, however small the segments may be 
taken, in which casé G(d) and L(d) are respectively h,(b—a) 
and h,(b—a), where h, and h, are the greatest and least 
ordinates common to all the segments. And therefore, except 
in this case, a series of norms d,, dz, dz, ... of decreasing 
magnitude can be found so that G(d,), G(d,), G(d;), ... forms 
a decreasing series, and L(d,), L(d,), L(dg) ... an increasing one. 

And G(d,) > L(d,), except in the case where the function 
can be represented by a series of segments of lines parallel to 
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the z-axis, when we may have G(d,)—L(d,). For if the two 
systems of division which respectively furnish G(d,) and L (də) 
be superimposed, then to find the value of @(d) for the new 
system of division, each resulting segment will have to be 
multiplied either by the same ordinate which multiplied it 
before or by a still greater one from a neighbouring segment ; 
and to find the value of L(d) for the new system, each segment 
must be multiplied either by the same ordinate which 
multiplied it before or by a still smaller ordinate from a 
neighbouring segment. So that the least value of S obtain- 
able by taking the greatest ordinate for each segment in any 
mode of division whatever is not less than the greatest value 
of S obtainable in any division whatever by taking the least 
ordinate of each segment. 

If then, for any given norm d, L’(d) be the least value of S 
for the mode of division which yields G(d), and G’(d) be the 
greatest value of S for the mode of division which yields L(d), 

= ASPA; CA >E) and LA <I); 

“. G(d)—L(d)=[G (d)—L'(d)] + [@(@)—-L@]—-[6(@—-L@] 
+[G(@)—L'(@]+[4@—-L(d)]. 

But if s, be the sum of the segments which in the division 
{G(d), L’'(d)} have oscillations > o, s, the sum of the segments 
which in the division {G"(d), Z(d)} have oscillations > ø, and 
Q be the greatest oscillation for any division of norm d, which 
is by supposition finite; then 

G(d)—L'(d)=contribution from s, 
+contribution from (b—a—s,) 
> 8,0+o0(b—a—s,) 
and G’(d)—L(d) + 8,.0+0(b—a—s,) ; 
‘, adding, G(d)—L(d) + (8,;+82)(Q—o)+20(b—a), 

and therefore, as o is as small as we please and d can be taken 
so small that s,-+-s, is as small as we please, G(d)—L(d), that 
is @, diminishes without limit as d diminishes without limit 
and f(x) admits of integration for the range a to b. 


1879. Conversely, if f(x) admits of integration in the in- 
terval a to b, 5 converges to a definite limit, and © diminishes 
indefinitely as d is made indefinitely small, and therefore also 
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each of the differences @ must do the same. But if s be the 
sum of the segments in which the oscillations exceed o in any 
mode of division, we have cs + 0. And however small ¢ may 
have been taken, we can, by taking d small enough, make 89/0 
less than any assignable quantity, however small. Hence if 
S converges to a definite limit, s must also diminish without 
limit as d is indefinitely decreased.* 


1880, Prof. Smith (loc. cit.) points out also that Riemann’s 
criterion of integrability is applicable in the case of any 
multiple integral extended over a finite region. 


1881. It is incidentally assumed that the interval a-b is 
one which extends from a given value of æ, viz. z=a, to a 
greater one, =b, and the interval a-b has been divided into 
subsections £,—, La— Tı, Lz—Tz, etc. If we reverse the order 
of the array of points a, £1, £z, ... Ln- b, the only difference 
in the argument will be that the sign of each of the partial 
products formed in constructing the maximum and minimum 
values of S has been changed; the new sums formed for the 
reversed order do not differ in absolute value from the values 
before considered, but are of opposite sign. It therefore 


follows that f° Mahe | ; f(a) da. 


1882. Moreover, if we add to the array several other 
points of division r=c,, V=Cz, ... s=c,_,, the maximum and 
minimum values of S have not been respectively increased 
and decreased, for the norm of the mode of division with the 
additional points in the array cannot have been increased 
by their introduction. But the sums corresponding to the 
maximum and minimum values of S for the several intervals 
a tO C4, ¢, to Ca, etc., are respectively 


+ and >|" I (a)da, p J (a)dz, ete., 


and modes of division of these intervals can be found for 
which their maxima and minima differ from these respective 
quantities by less than any assignable quantities, however 
small, Also the aggregate of any of. these modes of division 


* Proc. Lond. Math. Soc., vi., p. 143. 
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of these partial intervals forms a mode of division of the 


whole interval a-b. Hence i f(x)dx must be equal to 
the sum of the integrals # J («)da, ° Tajda; ..., i f(x)da. 
a c Cali 


1883. In the same way other general propositions such as 
those of Chapter IX. may be reconsidered for Riemann’s 
generalised definition. 


Nore B. CONVERGENCE OF AN INTEGRAL. 

1884, An infinite integral is one in which either of the 
limits is -+0 or —o, or in which the integration extends from 
—o to-+o. In what follows we shall assume that a is a 
positive quantity, z.ec. a>0, and that f(x) is a finite function 
of x for all values of x from a given value x=a to another 
value x=b which is greater than 4, and that f(x) is integrable 
in this range. 

The integral f f(z) dz is defined as the limit, supposing such 
s a 
limit to exist, when x becomes infinitely large, of the integral 
I =| f(z)dz. If such limit be finite the integral is said to 
converge to that limit. If there be no finite limit to the 
increase in the value of J as x tends to + , then, according as 
I tends to +œ, the integral is said to diverge to +o. 
Integrals in which the integrand changes sign periodically in 
the march of æ from a to æ% , such as 


f singdæ or f: xsin (bæ +c) da, 
a a 


are said to oscillate, and such oscillations may be either finite 
or infinite by virtue of the growth of the multiplier of the 
factor of the integrand which causes the changes of sign 
during the march of a. 


1885. If f(z) be a function which changes sign during the 
march of a, the integral | f(z)dz is said to be absolutely 
a 
convergent when | |/(z)| dz is convergent. But such an 
a 


integral may be convergent even when not absolutely 
convergent, 
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The integral E f(z) dz is defined as the sum of the integrals 


Y f(2)dz and T f(z) dz, where c is a finite constant, and is 
-0 3 c 


said to be convergent when each of these integrals is conver- 
gent. Moreover, this definition is independent of the particular 
value of c. For, let c and c’ be two values of x on the range 


of its values, ¢ œ> c. 


Then [fo de=f fie) de+f' fle) dz (<c) 
and i) de=l fle) det | fe) dz (>c). 


Hence, as | f(z)dz and f f(z)dz are finite, f f(z)dz and 
F f(z) dz are both convergent or both divergent as v—->— œ and 


i? f(z) dz and i f(z)dz are both convergent or both divergent 
c c 


as T> @. 


Therefore, supposing f" (2) dz and 3 f(z)dz to be both 
>% e 


convergent integrals, we have 


ae f(z) dz +f f(2) dz =f f(2) dz + f(2) dz, 


which establishes the independence of the definition with 
respect to the particular value of c used. 


1886. If Si(z), f(z) be two positive finite functions of x, 
both integrable for the range a to b, b>a>0, and such that 
So(v) > f,(z) for all values of x for that range, then, when b 


becomes infinitely large, F fa(z)dz is convergent if È f(z)dz 
be convergent. And if pay fı(£) for all values of 2 from 
a to b, then, when b becomes infinitely large, F falz)dz is 
divergent if F Si(2) dz be divergent. ‘ 


In many cases comparison with a known convergent or 
divergent integral will suffice to determine the convergency 
or divergency of an integral, 
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For example, if a>0, f z is convergent or divergent 
a 


according as n is > or $1. 


da ? da , ; 
Hence =e af: a and is convergent, whilst 


hee 
Ie- cn nen “ale Jz 
and is divergent (b> a). 


1887. If then an index n can be assigned which is > 1, and 
for which g”f(x) is finite for all values of æ from z=a to 
x= %, where a > 0, it will follow that | æ”f(x)] does not exceed 
some finite positive limit A, and therefore that 


co ” dz N 1 
t folde saf s —, he P n p | 


and is therefore convergent. Hence in such case | f(z)dz is 
absolutely convergent. 

But if an index n can be assigned which is +1, and for 
which 2"f(x) is never less than some finite positive limit A 
(excluding zero) for all values of x from a to œ, (a œ> 0), or if 
it becomes infinitely large when 2 increases indefinitely, it 


will follow that 
F flæjde + fs tite, + i $ [a] or «A [log x | ; 
a” =n a a 


and therefore in either case becomes positively infinite, and 
the integral diverges to +o. 

And if an index n can be assigned which is +1 for which 
a"f(z) is negative, and its numerical value is never less than 
some finite limit à (excluding zero) for all values of x from 


a to »,(a>0), it will follow that | f(x)dx diverges to —o. 
a 


It appears therefore that under the conditions specified as 
to the integrability of f(z), and as to its remaining finite for 
the range of integration, a to œ, where a>], if n can 
be assigned > 1, such that a finite limit of æ”f(x) exists when 
«x becomes infinitely great, then Í f(z)dz is convergent; and 

a 


if n can be assigned + 1, such that æ”f(x) does not become zero 
when g is increased indefinitely, but whether it approaches 
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a finite limit or becomes either positively or negatively infinite, 
the integral f f(z)dz is divergent. 
a 


2 
For instance the integrals n=| aad: h-| ade are 


respectively convergent and divergent, for the indices 2 and 1 can be 
assigned for these respective cases for which 


Pliye a? a 1l and Meret qma" A 


and is finite in each case. 


1888. Again the integral rs ain 8 T is convergent, a being positive and 


>0. For by Art. 340, ji 


Le ee “nadal sin 0d, a<Ẹ<b, 


=} (cos a&—cos £)+F(cos &—cosb), 


which for any values of a, é, b cannot be greater than 24h, and, when b 
2 cos 0 7 
increases without limit, cannot be mn: Similarly [ ix m9 is con- 
vergent. 
Also these integrals taken from 0 to æ are obviously both finite. 
Hence the integrals from 0 to œ are finite. Their values have been 
found in Arts. 994, 1048. - 


1889. For other tests for Convergency, the reader may 
refer to Prof. Carslaw’s Fourter’s Series, pages 98-121. 


Note ©. STANDARD FORMS. 
1890. In y standard integrals as those of Arts. 44, 71, 


etc., viz. etc., which it is usual to give simply 


ea las nar hs 
as sin-, sinh“, etc., it is to be noted that the left-hand 


members are even functions of a, whilst the right-hand members 
are odd functions of a. To be strictly accurate, such results 


should be written as sin! ral sinh- f, etc., where |a| is the 


positive numerical value of /a?, and where the inverse function 
is understood to have its principal value. Similarly 
dz 2-+x/22—a? 
-= = |or — C., 
JP [a] 


www.rcin.org.pl 


CONVERGENCE OF AN INTEGRAL. 949 


For in such cases the integral does not change its sign with a. 
And for exactness there must be a corresponding understand- 
ing as to all deduced results. In the same way in any other 
of the integrals discussed, and in which a constant is to be 
found with an even index in the integrand, and with an odd 
one in the result of integration a corresponding modification 
* log (1 +z?) 

, hie 


Art. 1044, the result of which is usually written as 5 og Fr} 


is to be understood; eg. in the integral 


but which is itself manifestly unaltered by a change of sign 
of a or of b, the value should strictly be written as 


b| 
© jog lal+lbl, 
[o> 18] 


And similarly in any like case. 


Note D. RATIONAL FRACTIONAL Forms, 
HERMITE’S PROCESS. 


1891. In the integration of rational algebraic fractional 
forms, viz. f(z)/¢(z) (Chap. V.), where f and ¢ are polynomials, 
rational as regards z, it has been assumed that the factorisation 
of ¢(z) could be effected. This depends upon the possibility 
of solving ¢(z)=0. 

It is a well-known fact, established by Abel and Wantzel, 
that it is impossible to solve algebraically the general equation 
of degree higher than the fourth. Hermite has given a 
solution of the quintic by aid of Elliptic Integrals (Burnside 
and Panton, Th. Eq., p. 435). In consequence, the integration 
of such algebraic fractional forms as involve an unfactorisable 
denominator of the fifth or higher degree can only be 
completely performed for special forms of the numerator. 
But in any case, as we know that the equation ¢(z)=0 does 
possess as many roots as indicated by its degree, although 
there may be no means of discovering them, we are entitled 
to assert that the integral of f(x)/p(x) does in every case 
consist of two portions, the one a rational algebraic function, 
and the other the sum of a set of simple logarithms with 
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constant coefficients in which such pairs of terms as involve 
complementary imaginary roots may combine to form real 
terms by aid of the inverse symbols tan~ or tanh-. 


1892. It has been shown by Hermite that the algebraic 
portion of such integrals can be always found, whether (x) be 
factorisable or not, and in cases where no logarithmic portion is 
present, or if the residual numerator happens to be a constant 
multiple of ø'(x) the whole integration can be effected. But 
in the general case no means of discovery of the Logarithmic 
portion is available for the reason stated. 

An examination of the ordinary process for obtaining the 
H.C.F. of two polynomials in gv, A and B, will disclose the fact 
that each of the successive “ remainders” is of the form A4 + uB, 
where ) and u are themselves polynomial expressions, and that 
when A and B are prime to each other the final remainder 
which is then merely numerical is also of the same form. 
It follows therefore that it is always possible in such case 
to find two polynomials A and u such that A\A+yuB is 
independent of x, and therefore also to find two polynomials 
à and yw’ such that \’A+u’B=C, where C is any given third 
polynomial in æ. Moreover, supposing the degrees of A and B 
in æ to be respectively the p™ and gq", and that of C to be 
not more than p+q—1, we may note that it may be assumed 
that the degrees of à’ and yp’ do not exceed the (g—1)" and 
(p—1)™ respectively. For if we take their degrees to be 
greater than g—1 and p—l, we could by division write 
X =A" BHA”, =p" A+ u”, where A”, X”, u”, u” are other 
polynomials such that the degrees of A”, u” do not respectively 
exceed g—1 and p—1, and thus (A” +u”) A4B+A” 4A +u” B=0, 
and by equating coefficients of terms of higher degree than 
the highest in O, i.e. of the (p+q)", (p+q+1)", etc., degrees, 
it will appear that A” +u” must vanish identically. 


1893. In the discussion of the integration of f(zx)/¢(a), 
where ¢(z) is unfactorisable, we may assume 

(1) That (x) contains no repeated factor; otherwise the 
H.C.F. process upon ¢(z) and ¢’(x) would disclose that factor. 

(2) That f(x) is of lower degree than ¢(z), by Art. 140, and 
that in this case the result is purely logarithmic. 
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(3) But if (x) be itself the square of an irreducible poly- 
nomial u, and f(x) of lower degree than u, we may find 
polynomials A and u such that 


d 
f= + wu, 


fle) à du ute 
l.e. [Sar -fatat femna EE dz ; 


and supposing u of degree p, = is of degree p—1, so that 
A and u are of respective degrees + p—1 and p—2, so that 
u P is of lower degree than u, and therefore the aoe 
portion is entirely logarithmic, but vanishing if u+ a vanishes. 
(4) If g(x) be the rt power of an irreducible polynomial wu, 
we may find À and u such that fa)=rGe+ pu’, and then 


dÀ 
AC) -f> A du apa fE A K E Ja u 
[s@2= u’ r+ fet Folate madet fi ae, 
in which the index of the v in the integrand has been lowered 
by unity; and by repetitions of this process we may obtain a 
result in which the only unintegrated part is of the form 


pe de. 


(5) If g(x) be the product of positive integral powers of 
such irreducible factors, say ¢(%)=w,*u?u,’ ..., the separate 
prime factors u,, wv, ... may be discovered by the usual process 
employed in finding the H.c.F. for ¢(z) and its differential 
coefficients, and thus, supposing a < 8 < y ..., if we determine 
A and u so put ane et uu,*=f(x), we can write f(x)/¢(z) 


in the form 2 —t ot , and repetitions of the process will 


e Ps 
separate out the fraction i a $(z) into the form à a4 3 ae 


to each of which ionlay we can apply the “Roneiotlg: rules, 


Hence in all cases the algebraic portion of (23 (z PA can be 
discovered. . 
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í 2 +g + 5rt + 2x5 + 52° 
Ex. To integrate sof ranae 


Here I= f Ciria ae, and finding À, p such that 


A (1 + 52x4) + (1+2 +25) = 5+ 4g, we may take A of degree 4, p of degree 3, 
and (Gq + A,X + AoT? + agx® + autt) (1 + 52t) 
+ (bo + b,x + bax? + bax?) (1 +x +25) = 5 + 4a, 
giving a,= --1, b)=5 and the rest zero, whence 
— x (1l + 5xt) + 5(1 +x +r5)= 5 + 42, 
= fE +x%+2°)(—34+ 5xt)—x(1 + 524) +5(1 teta) a 


dz. 


and I 


(+242) 
Sl Bn: ae oo PE SA i S 
~Jl+a+as (1 + a + z5)? 


_ f Sat+2 i x -f eee x 
~Jl+a+a5 l+ate® Jl+xvt+25 l+e+z 


The same process will be helpful even in simple cases. 


+log (1 +æ + z5). 


E.g. (i) Im | y Writing (ao + azs) 24+ bo(x? + 1)=1, we have 


a&=0, a,=-4, b=l; 


I= f! — $x) 20+ (0? + Dara yee Ze 4 A PO 


(F1) 224172) Pi 24+) 2 

n 203-1 
GD d=) Spari 
(ay + @,2)(1 +0 +23) + (bo + bit tbar) (1 + 3a?)= — 14223, 


dæ. Writing 


we have a,=b=b,=0, a=-1, b,=1; 
y if — (tt e+ 1) +0(809+1) 7 oy Ne 
eats (+241) B+ e+ 


Note E. LEGENDRE’S SUBSTITUTION APPLIED TO 
Functions or Form 1/X,/Y. 

Mz+N 

. XJ/Y 

where X=a,2?+2b,2+¢,, Y=a,a?+2b,2-+¢, discussed in Art. 

291 onwards, in which we have adopted the substitution 


1894, With regard to integrals of the form I af 


y=%, it should be mentioned that Greenhill in his “ Chapter 


on the Integral Calculus” generally prefers to put yoy. 
This of course alters the character of the substitution-graphs, 
making them symmetrical about the w-axis. (See Ex. 56, p. 323. 
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Vol. I.) An alternative substitution is mentioned by Mr. 
Hardy as being followed by Stolz (Grundzüge der Diff. und Int.- 
rechnung) and by Dr. PA. Bromwich, viz. to use the same 
substitution as that of Legendre in the reduction of an 


Elliptic Integral to Standard form, viz. s= tu whereby 


X takes the form Set: 
{(a A? +6,)2+2(arAu+5,A Hute) E+ (auc) I AE+1F 


and Y takes a similar form with suffixes 2. Then, if A, u be 
so chosen that 
aAu+b (A+u)+e,=0, aru+b,(A+mu)+e,=0 (cf. Art. 1463) 
I is reduced to the form 

A f EET A. AANT» | sie APE lak 

(a€?-+b) Ja’ 2 +0’ (a+b E+” 

where A, B, a, b, a’, 0’ are certain constants. And now we 
may proceed either as in Art. 310, or use the substitutions 
ua EFU =1 in the first; va Etb =E in the second, which 
reduce each integral to the form (aero This method 
fails if ay. But we may then put a,2+b,=€ and proceed 


2 


as in Art. 309. 


Nore F. Continuity, DouBLE Limits, DIFFERENTIATION 
OF AN INTEGRAL, ETO. 

1895. Continuity of a Function of two real Independent 
Variables. 

Let z=f(x, y) be a single-valued function of two independent 
real variables a and y which may be regarded as fixing a 
definite point. Construct a small rectangle with centre at 
x; y and with corners s+ y+n. Then if 0j, 6, be positive 
proper fractions and finite values of Ẹ 7 can be found for 
which the value of f(x OE y+ O.n)—f (a, y) taken positively 
is determinate and less than any arbitrarily chosen positive 
quantity e, however small, for all combinations of the quantities 
6,, 0», the function is said to be continuous at the point x, y 
and throughout any region of the z-y plane for each point of 
which the same test ïs satisfied. 
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1896. In the case of such a function as the above, viz. 
z=f(x, y), it may happen that in evaluating the value of z 
for a point for which =a, and y=¥Yp, the mode of approach 
of x, y to the limiting position gz, Yọ is not immaterial. That 
is Lt,,,,Lt,,,, f(x, y) may not be the same thing as 


Lt, +4, Lt, ,2f (a, y). 
Take for instance the case of Sir R. Ball’s Cylindroid, viz. 
2axy 
gè +y" 


other than those which lie on the z-axis, the value of z is 


the surface z= At any point for which z=, y=y, 


Talh, and is not dependent upon the direction in which 
o T Yo 

xz, y approaches its limiting position. But for points on the 
z-axis putting y=mz so that the direction of approach is defined 


PF f SDA 2am 
as being in a definite direction, z= and as m changes 


1+m?’ 
from 0 to 1, z changes from 0 to a, so that if the direction of 
approach to the point for which z=0, y=0 be unassigned, the 
value of z cannot be assigned, and there is discontinuity in 
that its value is not independent of the relative mode of 
approach of z and y to their ultimately zero values. As a 
mattér of fact, the z-axis is a nodal line upon the cylindroid. 


1897. In partial differentiation of a function of two inde- 
pendent variables, z=f(x, y), which is itself single-valued, finite 
and continuous for all values of x and y which lie within 


specified limits, the value of the fraction fl, yr dy)— f(a y gry )— fle, y) 


will in general approach a definite limit when dy becomes 
indefinitely small for each value of x within the specified 


range. The limit is then denoted by 5 fe, y). But it is 


possible that within this range of values of æ there may be 
one or more values of æ for which no such limit exists. In 
such case the operation of differentiation fails and is an 
illegitimate process. Take the case f(z, y)=xsinay. Here 

fla y+éy)—flm y)_ sin 2(y+dy)—asin ay 

ôy oy 

and for all finite values of and y this tends uniformly to 
the limi’ 2cos zy when dy is indefinitely diminished. 
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But if x be increased indefinitely, the limit when éy =0 of 
x sin s(y+ôy)— xsin oi: ic T AS ay 
oy 

does not vanish, but may assume any value we please, however 
great. Therefore, for instance, the second differentiation 
suggested in Ex. 37, p. 381, Vol. I., would be an illegitimate 
operation. 

But in the case u=| x'e**dz, where r is a positive integer 

0 


—xõa 
Ariari dæ, and whether 


—l1 


; me Sao i 
and a is real and positive, > ve 
0 


x be zero, finite or infinitely large, x’e-** an tends uni- 


formly to the limiting form —a"te-**, vanishing whether 
x=0 or x=æ. Hence the differentiations employed in Ex. 3 
p. 369, Vol. I, are legitimate although the range of œ is 
infinite. Similar remarks apply to Arts. 1039, 1041, 1046, 
etc., as therein noted. 


1898. If discontinuity in such a function as z=-f(a, y) 
o2 O@ 

Oa Oy dy O@ 
necessarily true for such points. This equation holds for any 
point v, y if a small rectangle whose centre is v, y can be 
constructed in the plane of z-y within which each of the 
differentiations is a possible operation, t.e. provided there be 
no discontinuity in the function or in either of its differential 
coefficients. 


is not 


exists for any values of x, y, the equation ——— 


The rule 2 foc, edn = (2 p(a,c)dz (Art. 354)......... (1) 
is virtually a consequence of 
Oz Cz 
BROCCO renee (2) 


For y-(a, o)=|e(@, c)dx is only another way of writing 
(a, eB ©), whence $ =t And the assertion of 
rule (1) is that 


d d aa fa dd d 
56 W (a, o=|2 $(a, c)dx, which is the same as i w e 
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Hence the assertion (1) is equivalent to the assertion (2); 
and therefore, where the one rule fails, the other breaks down 
also. 


1899. In ail multiple integral evaluations and theorems, 
such for instance as that of Art. 361, viz. 


[foc nacay=f" f° ge naya 


it is assumed that the subject of integration remains finite 
and continuous for all points within and at the boundaries 
of the region over which the integration is conducted; and 
moreover that the differentials which we integrate do not 
become infinite or discontinuous at any point within the 
range of the integration at each step of the process. If this 
be not the case, anomalies and contradictions may arise such 
as that noted in Ex. 38, p. 381, Vol. I. 


Note G. UNIFORM CONVERGENCE. 


1900. After the investigations of Stokes (Trans. Camb. Phil. 
Soc., viii. 1847) and Seidel (Abh. d. Bayerischen Akad., 1848), 
some time elapsed before-writers on the General Theory of 
Functions realised fully the importance of careful distinction 
between the uniform and non-uniform convergence of infinite 
series. The question of uniformity of convergence is a funda- 
mental point in this General Theory, and it always arises when 
we have under consideration the limiting value of a function 
depending upon more than one independent variable. For a 
very useful discussion of the Convergence of Infinite Series 
and Products, we may refer to Chrystal’s Algebra, vol. ii., 
pages 113-185. Reference may also be made to Dr. Hobson’s 
Trigonometry, ch. xiv., or Harkness and Morley, Th. of F., 
ch. iii. 

1901. Consider any series u,+u,+Ug+...+U,+... ,in which 
each term is a single-valued finite and continuous function of 
a variable z, which may be complex, and lying within a given 
region T in the Argand diagram, and of the integral number n 
which signifies its position in the series; then, if for every 
positive value of e, however small we can assign a positive 
integer y independent of z, such that for all values of n 
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greater than y, the modulus of the residue of the series beyond 
the term wu, is less than e, the series is said to be uniformly 
convergent for all points within that region (Chrystal, Alg., ii., 
p. 144). If Su, converges uniformly within the aforesaid 
region to a definite value ¢(z), then ¢(2) is itself a continuous 
function of z for all points within the region. That is at 
each point z, within the region T, writing u,=f(z, r), 


Po) —Leve, Df =D) ern, = Dif leo 1) 
(See references above.) 
1902. With the definition of an integral as in Art. 1266, 
viz. Lyon X; (er 2r-s)er-1) and supposing that each of the 


w8 is a single-valued finite and continuous function of z and 
a complex constant a, which both lie in a definite region T 
of the Argand diagram, say w,=f,(a, z), and that when 
a and z are made to approach indefinitely near definitely 
assigned points a, and 2%, lying within the region T, the 
function f,(a, z) tends uniformly to the value f,(a,, Z) and is 
continuous, then we shall have 


n n 
Tha» as Then >>: (2,— Zr~1) Wr = Tha +00 bp (Zr— Z) I A PEART AEA 
1 1 


1.0. Ta fla, o)da= |Ltru f(a, 2) de= f(a, z)dz. 


This result, for the case when z and a are real, has been 
assumed in Art. 354. 


Note H. UNICURSAL CURVES. 


1903. In any case of a rational integral function of æ and y, 
say p(x, y), in which the real variables v, y are connected by 
a rational integral algebraic equation F(a, y)=0 whose graph 
is a curve of deficiency zero, and therefore unicursal, both 
a and y are expressible as rational algebraic functions of a 


third variable t, as also p and therefore in all such cases 
the integration foe, y)d« can be effected with the limitation 


mentioned in Note D, and the result is partly rational and 
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partly a logarithmic transcendent of form YA log(#—a), 
where A and a are certain constants. 


1904. The principal elementary cases of unicursal curves are 
(a) the conic, (b) the nodal cubic, (c) the three-node quartic. 

(a) The equation of a conic may be written as w=], 
where u, vı, W, are linear functions of x and y. Putting 
U,=AW,, V;=A" and solving, we may express both x and y as 
rational algebraic functions of À. 

(b) The equation of a nodal cubic may be written u,v,=Ws, 
where ù, v, are linear homogeneous functions of x and y, and 
W is homogeneous and of degree 3. Putting y=), we can 
express both æ and y as rational algebraic functions of À. 

(c) The general equation of a three-node quartic may be 
written in homogeneous coordinates (say areals) as 

ax? + by-* +-c2z-* + 2fy—121 4 2gzz-1 4 Qha-ly=0, 
and therefore, taking another point 2’, y’, z connected with 
x, y, z by the relations 2/2’1=y/y/-1=z2/2’—1, we have 
ax’? + by’? + cz + 2fy’2 +-292a'+2ha'y’=0, 
t.e. the three-node quartic may be regarded as the “inverse” 
of a vonic, using the term “inversion” in the sense in which it 
is employed by Dr. Salmon, H. Pl. Curves, p. 244. 

Now x, y’,2 being the coordinates of a point on a conic, 
which is a unicursal curve, may be expressed in terms of a 
fourth new variable ¢ as rational functions of t, and therefore 
x, Y, 2, the coordinates of a point on the inverse three-node 
quartic, can also be expressed in the same manner. For writing 

ne Lee ae | 
AO AO Al) FO’ 
where F=f,+f.+/, and pene. rig L we have 
fi fa fs 
eoad UZA a 
Wf, Ufa Ufs $ 
So that if PHEA ete., then PWEN etc. Hence the “ inverse’ 
d bfi 


of any unicursal curve is itself unicursal. 


> 


In all such cases the integral fec, y)dx will only require 
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for its expression, rational integral algebraic functions and 
simple logarithmic transcendents. 

The general cubic may be written uvw=z, where u, v, w, 2 
are linear functions of ~ andy. Any point upon it may be 


defined by the equations vww=?z, uss. If there be no node, 


the deficiency is unity. The curve is not then unicursal. But 
if these equations be solved for y and y, we have Ag and Ay 
expressed in the form P+./Q, where P and Q are rational 
polynomials in A of degrees not higher than 2 and 4 respectively. 


Hence in this case, for the integration of [oe y)dz elliptic 


integrals will in general be required. Similarly, if the deficiency 
of the connecting relation be of higher degree, transcendents 
of a higher complexity than the elliptic integrals would in 
general be required. 


Note I. GENERAL REVIEW. 


1905. The functions of a single variable æ, with which we 
have been more particularly concerned, may be classed as 
(I) Algebraic, (II) Transcendental. 

(I) An Algebraic function is one which may be theoretically 
expressed as a root of the equation 

Sayy +f) Y+ -+ fa(@)=0, 
where n is a positive integer and fo, f,,...f, are polynomials, 
rational as regards æ, but in which the coefficients may be 
either commensurable or incommensurable, real or imaginary, 
but independent of g. 

This will include as particular cases, 

(a) The general rational integral polynomial. 

(b) The rational algebraic function, which is the ratio of 
two rational] polynomials. 

(c) The general irrational species, in which commensurable 
fractional indices may occur as powers of rational polynomials. 

(II) Of Transcendental functions we have such as involve 
an exponentiation of the variable or the taking of a logarithm. 
And as the variable may be a complex quantity, this will 
include, besides the elementary cases of e” or log a, the trigono- 
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metrical or hyperbolic functions and their inverses. For a 
single exponentiation or the taking of a logarithm, the function 
is said to. be a transcendent of the first order, but if these 
operations be repeated the function is said to be a trans- 
cendent of the second or higher order. Thus e”, log log log x 
are said to be respectively of the second and third orders 
of transcendents. 

We may also have any arithmetical combination of the sum, 
difference, product or quotient of two or more of these groups.: - 

Such functions are said to be simple or elementary 
functions. 


1906. We have, besides such functions as described above, 
transcendents of a higher degree of complexity, such as 


Soldner’s function li(x), which is Z — or fi f ce, the Cosine 


ko ki sin Liis 


dæ; Si(s)= f= 
Fresnel’s Integrals ; Kramp’s Integral ; Spence’s EAA 


1 
defined as Z"(1+2)= ise tl 


and ‘Sine integrals, viz. Ci(x)= fe 


x ae 
+n ont gn gatete the Elliptic 


Iategrals, or others which have been computed and tabulated 
for special purposes. 


1907.. The problem of Integration with which we have been 
confronted is this: Supposing that we are given the differential 


equation oY _ where f(z) is one or other of the known 


classes of functions, or a combination of them, is it possible for 
us to solve this equation so that y can be recognised as itself 
one or other of these classes of functions or a combination of 
them? When no such solution exists y is a new transcendent. 


1908. The general discussion as to how completely this 
question can be answered would occupy much more space than 
we have at disposal. The reader may be referred to Bertrand, 
Cale. Int., ch. v., and to Camb. Math. Tracts, No. 2 (2nd ed.), by 
Mr. G. H. Hady; 

But we may remark that, in the first place, if f(x) be a 
rational function of a, it appears.from Chap. V. and the 
remarks in Note D that the integral y is in all cases partly 
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rational, partly logarithmic; that when the denominator is 
factorisable into linear or quadratic factors, the complete 
integral can be found. But when the denominator is of the 
fifth or higher degree and unfactorisable, though the rational 
part can be found by Hermite’s process, the transcendental 
logarithmic portion can only be obtained in certain cases. 
But the only barrier to complete integration in all such 
general cases is that of the impossibility of solving the general 
_ quintic or higher degree equation. 

If f(z) be an irrational algebraic function of the form 
A+BJQ 
C+D/Q’ 
polynomial of not more than the fourth degree, it has been 
seen that its integration can always be effected, and when the 
degree of Q is not above the second, only simple functions will 
be required; but when Q is of the third or fourth degree, the 
integration will usually call for the assistance of the Elliptic 
Integrals. 

It has also been seen that in all cases in which ¢(z, y) is a 
rational integral algebraic function of x and y, and y is 
connected with æ by an equation whose graph is unicursal, 


where A, B,C, D are rational polynomials and Q is a 


the integration fe (x, y)dx can be effected in terms of the 


elementary rational algebraic and logarithmic functions. 


1909. In addition to these facts, a theorem due to Abel 
states that if y be an algebraic function of v, defined as above 
in (I) by the equation fp(x)y"+-fa(x)y"?+...+f,(x)=0, then 


[ya can always be expressed as B,+By+...+B,_y"", 


where B,, B,,....B,_, are polynomials in x. And further, that 
in the case when y"=a rational function of 2, the integral 


fv dy=y xa rational function of x. The proof of the first of 


these theorems is somewhat difficult and long. Reference for 
them both may be made to the works already cited. Other 


forms for which fy dx is expressible by means of algebraic 


functions and logarithms will be found given by Bertrand. 
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1910. It may be noted that, since differentiation of a func- 
tion involving irrational algebraic quantities or exponentials 
cannot destroy them, such quantities cannot appear upon the 
integration of a function that does not already contain them. 
Logarithms may appear upon the integration of an algebraic 
function, but always multiplied by mere constants and by no 
functions of z. For the operation of differentiation upon the 
result could not eliminate logarithmic terms otherwise 
involved. 

If, therefore, the integral of an algebraic function be expres- 
sible by means of the simple functions at all, it cannot contain 
exponentials, and whatever logarithmic terms occur are such 
as to appear in the first degree as transcendents of the first 
order multiplied by constants. 


Many cases have been discussed of the integration | f(a) da, 


in which f(x) has involved exponential, logarithmic, trigono- 
metric or hyperbolic functions, but there is no general rule 
which would indicate the nature of the result to be expected 
as there is in the case of rational algebraic functions, and the 
theory is far less complete. Reference may be made to 
Tiouville’s “Mémoire” (Jour. f. Math., 1835). 


PROBLEMS. 


1. Integrate 
45 —] 1 — 728 — 829 x + 625 + 1226 + Gy} 
© Grate © gerop O Grr 


1+ 2a + 625 + 1328 + 6711 
—— r dx 


2. Obtain the rational part of | CETE 


3. Show that 


a?(2e8 —1)(a- 322+ 2e41) y log 76 29 
a (@—at+1p(@t—Qe+1) 2 8137 i75° 
. ax? + 2bz +c . rey , 
4. Show that if eyi be rational, ac’ + a'c=2bb', 
and find the integral. (Harpy, No: 2, Camb. Math. Tracts, p. 18. 
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T 
5. Discuss the convergency of the integrals (a) | log sin x da, 
Ga 
of a*le-*dz, ofi P82 a, ( a f s 


1+ pr 
6. Show that {, a ae, although convergent, is not absolutely 
convergent. j [CarsLaw, Fourier’s Series, p. 103.] 


7. If the function (x) be positive in sign, but ae in 
value as z varies from a to œ, then the series $; ela +a) is 
convergent or divergent according as bi (a) dz is finite or infinite, 
and the series lies between E (x) dx and jis (a) dx. 

([Caucny, Mh F. Diff., p. 126.) 


8. If a > 0, discuss the convergency of the series 
a A, ay eh 1 ; 
O Seen OZ weayflog er my 


we, 1 
(m1) > (a+n) log(a+n) {log log (a +n) p% [Booxs, .c.] 
9. In the curve 2°+74°+0%=3azy, show that we may express 
xz and y in the form 2a-c+aA\= +h, 2y-c+ad= F R, where 
3R? = 4A3 — 9a®\2 + 6acN-—c? and c= - b, 
by putting x + y +4 =cà7. 
Hence show that [Fe Ya + Bu + ya? + 2%) dx can in all cases be 
reduced to an elliptic integral. [See Harpy, l.c. sup., p. 50.] 
10. Prove that 


iG logs =0; 


IEG 4 tanta =F IGATA [LIOU VILLE. ] 


11. If f(z) be an even function of x, prove that 


(i) | (2+3 aa- | f(a? + 2) de; 


: : 
(ii) H fisin 26) sec 0 d0 = 2f F(co820) sec 0 dð. 
0 0 


[GLAISHER. ] 
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12. If $(2) =$(2a- x), show that 
(i) KO F(a) da=} | * b(0){ F(a) + F(a -2)} dz; 
R 0 0 
(ii) k f(sin 26) sin? d0 = jÀ f(sin 26) dd ; 
0 0 
(it) | f flsin 26) sec20 d0 = 2 f ffos 65002008. a 


13. If I, -f a” f(sin x) dz, show that if n be an odd integer, 
0 


n 


(i) Ap- ney t OD a2], 4... — 9p =0; 


j n+l)n +1 -1 
iant D La- Stor, y AE UMET N aaraa i 


[GLAISHER. | 
14. Prove that if ¢(z)=¢(1 - x), then will 


ROM S 1 1 1f : 

(i) \. (x) log T (x) da = 5 log a (x) dx — ak p(x) log sin ra dz ; 
serch ce 1 1 
(ii) f sin rz log T (x) de= — log r -z (log 2 -1); 


1 
(iii) 3 sin? rg log T (x) dx = z€ 2 log 2r — 1). 


([GLAISHER. } 
15. By the transformation at ee , show that 
f bait 3(1+2%) _ dx L 

d 1-22-22 EY. 8° [GLAISHER. ] 


16. Show that the curve 9=¢ on unit sphere consists of two 
loops each of area r-2; 0 and ¢ being colatitude and azimuthal 
angle. 

17. Show that the solid angle of the cone 

22 (a? + 4°)? = a4 (a? +? + 2°) 
is r. 

18. Examine the nature of the curve on unit sphere defined by 
the equation 2sin }@cos$¢=1, and show that the solid angle of 
this cone is 2/3. 
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19. Prove that 


| | PEE con't a am = af log pcos ds dé, 


where dS, dS’ are any elements of two unclosed surfaces over which 
the first integral is taken, and p the distance between them which 
makes angles 6 and @’ with the normals at its extremities ; also ds, 
ds’ are any two elements of their bounding arcs over whioh the 
second integral is taken, the directions of these elements of arcs 
being inclined at an angle y. Give an optical interpretation of the 
result. (Maru. TRIP., 1886.] 
[See Arts. 846, 1783, and Herman, Optics, Art. 157.] 


20. If x, y, z be each real, finite and determinate functions of 
cosa, sin a cos 8 and sina sin £, the locus of the point z, y, z will be 
a closed surface containing a volume 


Tas Yas Ža 
LEA Oa 
ak | ap, Yep g |dadß, where t= qr ete. 


3 Jo Jo 
E =F (Mata. TRIP., 1870.] 
21. The volume enclosed by a closed oval (synelastic) surface is 


V; its area is S, and J denotes the integral {| G + =) do extended 
Ps 
over the surface, p,, p, being the principal radii of curvature at the 


point where do is the element of area. A sphere of any diameter 
rolls on the outside of the surface; and for the envelope of the 
sphere the corresponding mare are constructed. Show that 


1 
v= ta S+ Toga 378 


is the same for the Air as for the original surface. 
22. Show that the length of an arc of a curve on the sphere 


£? +y?+22=72 may be expressed in terms of the coordinates u, v 
of a point on a plane curve by the transformation 


x y z vi 1 
Su rw (we? Arr HAr? 
by thes 1 ù vdu? +de* 
Satta TER ~ i+ @ rear 


[G. B. Maruews, Nature, Feb. 1921. Art. on 
“ Finstein’s Theory of Relativity ”.] 
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